Abstract. In this paper, we study the behavior of Bergman kernels along the Kähler Ricci flow on Fano manifolds. We show that the Bergman kernels are equivalent along the Kähler Ricci flow under certain condition on the Ricci curvature of the initial metric. Then, using a recent work of Tian and Zhang, we can solve a conjecture of Tian for Fano manifolds of complex dimension ≤ 3.
Introduction
A Fano manifold is a compact Kähler manifold with positive first Chern class. It has been one of main problems in Kähler geometry to study if a Fano manifold admits a Kähler-Einstein metric since the Calabi-Yau theorem on Ricci-flat Kähler metrics in 70's and the Aubin-Yau theorem on Kähler-Einstein metrics with negative scalar curvature. This problem is more difficult because there are new obstructions to the existence. It was conjectured that the existence of Kähler-Einstein metrics on M is equivalent to the K-stability, the Yau-Tian-Donaldson conjecture in the case of Fano manifolds. Theorem 1.1. Let M be a Fano manifold without non-zero holomorphic vector fields, then M admits a Kähler-Einstein metric if and only if it is K-stable.
The necessary part of this theorem is proved by Tian in [29] . Last Fall, Tian gave a proof for the sufficient part (see [31] ) by establishing the partial C 0 -estimate for conic Kähler-Einstein metrics. Another proof for the sufficient part was given in [9, 10, 11] An older approach for solving the conjecture is to solve the following complex Monge-Amperé equations by the continuity method: Let I be the set of t for which (1.1) is solvable. Then we have known: (1) By the well-known Calabi-Yau theorem, I is non-empty; (2) In 1983, Aubin proved that I is open; (3) If we can have an a prior C 0 -estimate for the solutions of (1.1), then I is closed and consequently, there is a Kähler-Einstein metric on M .
However, the C 0 -estimate does not hold in general since there are many Fano manifolds which do not admit any Kähler-Einstein metrics. The existence of Kähler-Einstein metrics required certain geometric stability on the underlying Fano manifolds. In 90's, Tian proposed a program towards establishing the existence of Kähler-Einstein metrics. The key technical ingredient of this program is a partial C 0 -estimate conjecture( Conjecture 1.3). Tian affirmed that if one can prove this conjecture( Conjecture 1.3) for the solutions of (1.1), then one can use the K-stability to derive the a prior C 0 -estimate for the solutions of (1.1), and consequently, the existence of Kähler-Einstein metrics. In this paper, we will solve Tian's partial C 0 -estimate conjecture for complex dimension ≤ 3. Let (M, ω) be a Fano manifold and K . Then, following [31] , we define the Bergman kernel by
This is independent of the choice of H ω and the orthonormal basis {S i }. In this paper, using recent regularity theory developed by Tian and Zhang [33] for Kähler Ricci flow, we solve Tian's conjecture for complex dimensions 2 and 3: Theorem 1.5. Let (M, ω) be a compact Kähler manifold of complex dimension 2 or 3 and. We further assume a positive Ricci curvature lower bound Ric(ω) ≥ R 0 > 0 and a volume lower bound V ≥ V 0 > 0. Then there are uniform constants
Following Tian's approach, we can prove(see also [36] ) Corollary 1.6. The Yau-Tian-Donaldson conjecture holds for complex dimension ≤ 3.
We can also prove a stronger version of Tian' Conjecture in complex dimension 1, Theorem 1.7. Let (M, ω) be a Kähler manifold of complex dimension 1 and with positive first Chern class. Then for all l ∈ N + , the Bergman kernel ρ ω,l has a uniform positive lower bound c l > 0, depending only on positive curvature lower bound, volume lower bound and l:
In order to study the Bergman kernel, we consider the Kähler Ricci flow
on a compact Kähler manifold M of complex dimension m and with c 1 (M ) > 0. We can show that the Bergman kernels are equivalent along the Kähler Ricci flow (1.5), see Theorem 6.10. Given any initial Kähler metric g(0), Cao [3] proved that (1.5) has a solution for all time t ≥ 0. Moreover, Perelman (see [25] ) proved that the scalar curvature R is uniformly bounded, and the Ricci potential u is uniformly bounded in C 1 norm, with respect to g(t). One can easily check that these uniform bounds depend on the Sobolev constant C s of g(0), the volume V of g(0), the scalar curvature upper and lower bound of g(0), the upper bound of |∇u|(x, 0). The following theorem is essentially due to Perelman, Theorem 1.8. (see [25] ) Let g(t) be a Kähler Ricci flow (1.5) on a Fano manifold M of complex dimension m. There exists a uniform constant C so that
where the constant C depends only on dimension m, Vol(M, g(0)), the L 2 -Sobolev constant C s of g(0), bounds of |R(g(0))| and |∇u|(0).
In this paper, we prove that in all complex dimensions, the scalar curvature and the gradient of Ricci potential |∇u| 2 for (M, g(t)) have a bound Ct
in small time. Here C depends only on a lower bound of Ricci curvature, the volume bound of g(0) and an upper bound of diam(M, g(0)). The key result of this paper is the following: Theorem 1.9. Let g(t) be a Kähler Ricci flow (1.5) on a Fano manifold M of real dimension n = 2m. Then there exists a uniform constant C, which depends only on constant n 0 (n 0 = n if n ≥ 3 , n 0 > 2 if n = 2), the lower bound of Ric(g(0)), the volume V of g(0) and the upper bound of diameter of g(0). Such that for all 0 < t < 1, we have [20] ). Note that the term involving the scalar curvature will be a good term when applying Moser's iteration.
in the weak sense, where a ≥ 0,then for any 0 < t < 1, p > 0, we have
where C is a positive constant depending only on a, p, constant n 0 (n 0 = n, if n ≥ 3, n 0 > 2, if n = 2), Sobolev constant C s of initial metric, volume V of initial metric and negative lower bound of R(0).
Notations: Let R = R(x, t) be the scalar curvature at time t, V be the volume of g(0), d be the diameter upper bound of g(0), dµ(t) be the volume element of g(t). Denote diam(M, g) and Vol(M, g) to be the diameter and volume of (M, g).
The organization of this paper is as follows: In the next section, we give a proof for Theorem 1.8, we will consider carefully how the quantities rely on the initial metric. In section 3, we prove Theorem 1.11. The main idea is Moser's iteration for parabolic equation (see [20] ). In section 4, applying Theorem 1.11, we give the proof of theorem 1.9. In section 5, we consider the complex 1 case and prove Theorem 1.7. We will divide the proof into several lemmas. In section 6, we consider high dimension case, we show that Bergman kernels are equivalent along the Kähler Ricci flow and complete the proof of Theorem 1.5.
Perelman's Scalar Curvature Estimate
In this section, we will give a proof of Theorem 1.8. The method is mainly similar to [25] and [4] . We will consider carefully all the quantities how to rely on the initial metric. We only prove complex dimension ≥ 2 case. For complex dimension 1 Fano manifold, the proof is similar by noticing that Proposition 2.3 can be replaced with Lemma 3.2. First of all, we will show that the Ricci potential has a uniform lower bound, and then using maximum principle we can control the gradient of Ricci potential and scalar curvature upper bound. At last, a diameter upper bound estimate will conclude the proof. Now we will prove a uniform Ricci potential lower bound. Firstly, we need to show the scalar curvature has a uniform lower bound.
Lemma 2.1. There exists a constant C > 0 such that the scalar curvature R of g(t) satisfies the estimate R(x, t) ≥ −C for all t ≥ 0 and all x ∈ M . Here constant C depends only on the lower bound of R(g(0)).
Proof. By directly computing, we have the evolution of R,
Let R min (0) be the minimum of R(x, 0) on M . If R min ≥ 0, then by maximum principle, we have R(x, t) ≥ 0 for all t > 0 and all
Hence it follows again from the maximum principle that
for all t > 0 and all x ∈ M .
Next, we will show Perelman's κ non-collapsing theorem, we need the following:
Lemma 2.2. Letĝ ij (s), 0 ≤ s < 1 and g ij (t), 0 ≤ t < ∞, be solutions to the Kähler Ricci flow (2.1) and (2.2) respectively,
Thenĝ ij (s) and g ij (t) are related bŷ
In order to show Perelman's κ-noncollapsed theorem, we only need to prove the following: (0)). Such that, for each t > 0 and all
Consequently, let L > 0 and assume R ≤ 1 r 2 on a geodesic ball B(x, r) with 0 < r ≤ L. Then there holds
andR ≤ 1 on geodesic ball Bḡ(x, 1). Then a standard argument implies the lower bound of Volḡ(Bḡ(x, 1)). One can find more details in Ye [34] .
By taking the trace of (1.5), we get ∆u = m − R. Normalize u so that
Then we have
Lemma 2.4. Function u(t) is uniformly bounded from below. That is
where constant C depends only on the constants in Proposition 2.3.
Proof. Since ∆u = m − R, we have
Denote f = e −u . We have
Multiplying f p to both sides of (2.5) and integrating by parts, we have
That is
Since R has a uniform lower bound, so
Then by Proposition 2.3 and Moser's iteration, we deduce
This provides a pointwise lower bound of u.
to be Perelman's W-entropy functional for g as in [21] . By directly computing, we have
along the following
On the other hand, let
Here we have used the L 2 -Sobolev inequality along the Kähler Ricci flow and the uniform lower bound of scalar curvature. The constant depends only on the constants in Proposition 2.3. Particularly, we have A 0 ≥ −C. Moreover, the function xe −x is bounded from above. Thus we have
where the constant C depends only on the volume of g(0), a lower bound of R(g (0)) and an upper bound of the Sobolev constant C s = C s (M, g (0)).
The Ricci potential u(x, t) satisfies
Differentiating this, we have
However,
Thus
By maximum principle, one can easily prove the following:
Lemma 2.6. There is a uniform constant C, so that
where the constant depends only on Vol(M, g(0)), the L 2 -Sobolev constant C s of g(0) and upper bounds of |R(g(0))| and |∇u|(0).
Proof. This is essentially a parabolic version of Yau's gradient estimate in [24] . By Lemma 2.4, we have u(x, t) ≥ −C. Choosing B = C + 1, then u(x, t) + B ≥ 1. Let H = |∇u| 2 u+B . In order to show (2.7), we only need to estimate an upper bound for H. By directly computing, we have
(2.9)
For each T > 0, suppose H attains its maximum at (x 0 , t 0 ) on M × [0, T ]. If t 0 = 0, the upper bound of H follows easily by the bound for |∇u|(g(0)). Assume t 0 > 0. Then at (x 0 , t 0 ) we have
Substituting these into (2.9), we obtain (2.10) (B − a)|∇u|
On the other hand, since ∇H(x 0 , t 0 ) = 0, we have
Thus at (x 0 , t 0 ),
Combining with (2.10), we have
Hence H(x 0 , t 0 ) ≤ 2(B − a). Let T → ∞ and note that a is bounded. We complete the proof of (2.7). Now we turn to the proof of (2.8). Our goal is to prove that −∆u is bounded by C(u + C), which yields (2.8), since ∆u = n − R. Let K = −∆u u+B , where B is a uniform constant as above. Similar computation as before gives that
Combining this with (2.9), we have
For each T > 0, suppose 2H + K attains its maximum at (
If t 0 = 0, the upper bound of 2H + K follows easily by the bound for |∇u|(0) and
.
Here we have used the fact that u + B ≥ 1. Hence
Let T → ∞. We finish the proof.
Corollary 2.7. There exits a constant C depending only on the constant of Lemma 2.6, such that,
t (x, y) + 1) for all t > 0 and y ∈ M , where u(x, t) = min x∈M u(x, t).
Proof. By Lemma 2.6, we only need to estimate u(x, t). Actually, by (2.7), we have
Hence we have
where u(x, t) = min x∈M u(x, t). On the other hand, since M e −u dµ(t) = (2π) m , we have
where the constant C depends only on the constant in Corollary 2.7 and constants in Proposition 2.3.
Here we can choose C ǫ = 2 (
and C is the constant in (2.11)
we will show that for each
Otherwise, by (2.11)
On the other hand, there must be some 0
Getting together all the above arguments will imply the lemma.
Lemma 2.9.
where B(r 1 , r 2 ) = {z ∈ M : r 1 ≤ dist t (z,x) ≤ r 2 } and the constant C depends only on the constant in Corollary 2.7.
Proof. First of all, since d dr Vol(B(r)) = Vol(S(r)),
we have
Vol(S(r))dr.
Here S(r) denotes the geodesic sphere of radius r centered atx with respect to g(t). Hence, we can choose
Similarly, there exists
Next, by integration by parts and Corollary 2.7,
Therefore, since R = −∆u + m, it follows that
proving Lemma 2.9. Here C is the constant in Corollary 2.7.
In order to control the diameter of M , we only need to show the following:
Lemma 2.10. There exists a constant ǫ 0 > 0. If 0 < ǫ < ǫ 0 , we can't find B(
)). (2.12)
Here we can choose ǫ 0 = (2π) m e 6C2 10m +A0+2m and constant C is the constant in Lemma 2.9 and A 0 = µ(g(0),
Proof. Actually, if we can find B(k 1 , k 2 ) such that (2.12) holds. Then we choose r 1 , r 2 as in Lemma 2.9. Define a cut off function 0 ≤ φ ≤ 1,
Then |φ ′ | ≤ 1 everywhere. Let
where the constant L is chosen so that
By monotonicity of W-entropy functional, we have
By Lemma 2.9 we have e 2L B(r1,r2)
On the other hand, using |φ ′ | ≤ 1 and −s log s ≤ e −1 , we have
The above constant C is the uniform constant in Lemma 2.9. Therefore,
Combining Lemma 2.8 and Lemma 2.10 will finish the proof of Theorem 1.8.
A Linear Parabolic Estimate
The main purpose of this section is to prove Theorem 1.11. We need two lemmas. The following lemma is due to Rugang Ye [34] and Qi S. Zhang [35] , for n ≥ 3, see also Proposition 2.3, Lemma 3.1. Let (M, g(t)) be a Kähler Ricci flow with real dimension n, C 1 (M ) > 0. At time t = 0, the following L 2 Sobolev inequality holds
Then along the Kähler Ricci flow we have
for all 0 ≤ t ≤ 1, where the constants A, C 0 depend only on dimension n, Sobolev constant C s , volume V of g(0) and a lower bound of R(g(0)).
For n = 2, the following lemma follows from Theorem 1 and Theorem 2 of [17] , Lemma 4.1 of [34] and a standard argument of [1] .
Lemma 3.2. Let (M, g(t)) be a Kähler Ricci flow with real dimension
2, C 1 (M ) > 0. At time t = 0, the following L 1 Sobolev inequality holds M f (x) 2 dµ(0) 1 2 ≤ C s M |∇f (x)|dµ(0) + M |f (x)|dµ(0) .
Then along the Kähler Ricci flow holds
for all 0 ≤ t ≤ 1 and n 0 > 2, where the constants A, C 0 depend only on constant n 0 , Sobolev constant C s , volume V of g(0) and a lower bound of R(g (0)) .
Outline of the proof. Consider the flow (2.1). By Theorem 1 and Theorem 2 of [17] , for all 0
Taking the minimum of the right hand side respect to σ, then for all n 0 > 2, we have
The following argument is standard, see section 10. 
Integration by parts, we have
Moreover, since ∂ t dµ(t) = ∆udµ(t) = ( n 2 − R)dµ(t),
Multiplying both sides p + 1, since 4p ≥ 2(p + 1) for all p ≥ 1, we get
Since scalar curvature has a lower bound −C 0 , then
For any 1 > σ > τ > 0, let
Multiplying (3.3) by ψ, we obtain
Integrating this with respect to t we get
Applying the L 2 Sobolev inequality along the Kähler Ricci flow (Lemma 3.1), we deduce
We put
By iteration, we have
Letting m → ∞, we obtain
where C 2 depending only on p 0 , a, dimension n, Sobolev constant C s , volume V and a lower bound of R(g(0)). For 0 < p < 2, we set
By a iteration lemma(Lemma 4.3 of [15]), we get
Letting t 0 → 0 we have
where constant C 4 depends only on p, a, dimension n, Sobolev constant C s , volume V and a lower bound of R(0). Case n = 2: we only need to replace Lemma 3.1 with Lemma 3.2.
Remark 3.4. From the above proof, one can find that it also holds for Ricci flow on real Riemannian manifold.
Proof of Theorem 1.9
The purpose of this section is to prove Theorem 1.9. This mainly bases on the linear parabolic estimate in Theorem 1.11. Since along the Kähler Ricci flow (1.5) we have the evolution equations, see [25] 
Applying Theorem 1.11, we have
for all 0 < t < 1, where constant C depends only on dimension n, Sobolev constant C s of g(0) and a lower bound of R(g(0)). Since Ricci curvature lower bound −K, volume lower bound V 0 and diameter upper bound d can deduce the L 2 Sobolev inequality(see Theorem 3.2 of [16] or [18] ). So C depends only on n, K, V 0 and d.
In order to get an upper bound of R, it suffices to estimate
Hence M |R|dµ(t) ≤ C 1 V , and then
On the other hand, normalize u by M e −u dµ(t) = (2π) n 2 . The evolution equation of u is given by (2.6),
where C ′ depends only on dimension n, volume of g (0), Sobolev constant C s of g(0) and a lower bound of R(g(0)). Thus
Integrating (4.3) over [0, 1], we have
By (4.4) we have
Hence we get
(4.5)
Combining (4.2) with (4.5), we arrive at (4.6)
In order to deduce an upper bound of scalar curvature R and gradient bound of Ricci potential u, it suffices to estimate the upper bound of M udµ(0). Actually, since we have a lower bound of Ricci curvature Ric(g(0)) ≥ −Kg(0), volume lower bound V 0 > 0 and diameter upper bound d at time t = 0, we can get a lower bound of the Green function Γ(x, y) ≥ −B at time t = 0 (see [2] and [12] ), where B depends only on K, V 0 , d and n. At time t = 0, since M e −u dµ(0) = (2π) n 2 , there must be a point x 0 such that u(x 0 ) ≤ − ln
. Then by Green's formula
Substituting (4.7) into (4.6), we have
where constant C 2 depends only on K, n, V 0 and d. Hence we finish the proof.
In this section, suppose (M, ω) is a complex dimension 1 Fano manifold with R(ω) ≥ R 0 > 0, Vol(M, ω) ≥ V 0 > 0. Consider the heat flow(see [29] )
This is in fact the Kähler Ricci flow. Here h ω is Ricci potential of ω. We will denote by f s , ω s and R s , the function f (s, ·), the Kähler form ω + ∂∂f s and scalar curvature R(ω s ).
Remark 5.1. In this section, the following constants C depend only on R 0 and V 0 . It maybe change line by line. Moreover, constants C p , c s will depend on p or s.
Differentiating ( 
What's more, for all s ≥ R 0 > 0, R(ω s ) has a uniform upper bound.
Proof. We have the evolution equation along the Kähler Ricci flow,
Applying maximum principle again, we obtain Proof. Since −∂∂h ωs = −Ric(ω s ) + ω s , by taking the trace, we get
By Lemma 5.2, we can estimate the Green function Γ s (x, y) of ∆ s at all time s(see also [2] , [12] , [13] ), 
Hence, there exists a uniform constant C such that the following holds
Using Green's formula again, we have That is ∂ ∂s c s = c s − a.
Since c 0 = 0, a is bounded, we can deduce the bound for c s easily,
Now we can estimate the Kähler potential, Lemma 5.5. There exists a constant C depending only on R 0 , V 0 such that
Proof. By Lemma 5.3 and Lemma 5.4, we have
Combining Theorem 1.11 with equation (5.7), we obtain
, f or all s ≤ 1. 
Consider the heat flow(see [29] )
This is in fact the Kähler Ricci flow. Here h ω is Ricci potential of ω. We will denote by f s and ω s the function f (s, ·) and the Kähler form ω + ∂∂f s .
Remark 6.1. In this section, the following constants C depend only on R 0 , V 0 , d, n. It maybe change line by line.
Remark 6.2. In order to estimate the Bergman kernel for high dimension, we only need to estimate the Kähler potential like the case of complex dimension 1. However, the estimates of dimension 1 mostly depend on the property of dimension 1 which we can't extend to high dimension. Hence we must need another approach.
First, we can estimate the upper bound of h ω . The proof is similar to Lemma 2.4. Hence the upper bound of h ω follows. 
(6.7)
On the other hand, we have a lower bound estimate of
h ω ω m ≥ −C, see (4.7), noting that −u = h ω . Hence ∂ ∂s
Since f 0 = 0, then we get the upper bound of
Substituting into (6.6), the lemma follows.
Remark 6.6. Since we can estimate the L 1 -norm of Kähler potential f s , one can use Moser's iteration to get the upper bound of f s . Furthermore the upper bound will go to zero when time go to zero.
Remark 6.7. If we have a C 0 bound of the Ricci potential h ω , by using Maximum principal theorem, one can easily deduce all the above bound(see [29] ). However, we do not have the C 0 bound for the Ricci potential h ω here.
We can choose ω By Lemma 5.4, Lemma 6.4, and Lemma 6.5, we deduce 1
